Abstract An important problem in quaternionic hyperbolic geometry is to classify ordered m-tuples of pairwise distinct points in the closure of quaternionic hyperbolic n-space, H n H , up to congruence in the holomorphic isometry group PSp(n, 1) of H n H . In this paper we concentrate on two cases: m = 3 in H n H and m = 4 on ∂H n H for n ≥ 2. New geometric invariants and several distance formulas in quaternionic hyperbolic geometry are introduced and studied for this problem. The congruence classes are completely described by quaternionic Cartan's angular invariants and the distances between some geometric objects for the first case. The moduli space is constructed for the second case.
Introduction
Let F denote the real numbers R, the complex numbers C or the quaternions H. Let H n F denote the ndimensional hyperbolic space over F with the boundary ∂H n F . Let , be the Hermitian product in F n+1 of signature (n, 1). For F = C and H, the linear groups which act as the isometries in H n F , are denoted by PU(n, 1) and PSp(n, 1) respectively. An important problem in hyperbolic geometry is to classify ordered m-tuples of pairwise distinct points in the closure of hyperbolic n-space H n F up to congruence in the holomorphic isometry group of H n F . This problem is trivial for m = 1, 2. To deal with the cases of m ≥ 3, one need to develop some geometric invariants or geometric tools.
The cross-ratio of a quadruple of points in ∂H n R was defined by Cao and Waterman [5] , which coincides with the classical cross-ratio of the complex plane when n = 3 and the quaternionic cross-ratio of a quadruple of quaternions [3] when n = 5. These classical cross ratios are useful tools in real hyperbolic geometry.
Let p = (p 1 , p 2 , p 3 , p 4 ) be an ordered quadruple of pairwise distinct points in ∂H n C . The classical cross-ratio was generalized to ∂H n C by Korányi and Reimann [16] as the following complex number:
where p i ∈ C n,1 are null lifts of p i . This complex cross-ratio is closely related to Cartan's angular invariant and other geometric invariants. The Cartan's angular invariant [7, 13] is an angle associated to a triple p = (p 1 , p 2 , p 3 ) of points in ∂H n C . Such an angle A(p) is defined to be the following argument:
where p i are the null lifts of p i , and
It is a shape invariant, originally used in detecting whether the corresponding triple lies on a chain or on an R-circle. The Cartan's angular invariant A(p) and some distance formulas between some geometric objects are the exact geometric invariant and tools to study congruence classes of triples p = (p 1 , p 2 , p 3 ) ∈ (H n C ) 3 . The Cartan's angular invariant A(p) of a tripe p = (p 1 , p 2 , p 3 ) ∈ (∂H n C ) 3 determines its congruence class in PU(n, 1) [7, 13] . The moduli space of such triples can be described as the interval [−π/2, π/2]. If such a triple p = (p 1 , p 2 , p 3 ) is in H n C , then its congruence class in PU(n, 1) is described by the three distance ρ(p i , p j ) and Brehm's shape invariant [4] . Here ρ(, ) is the Bergman metric on H n C . The distance formula from a point in H n C to a complex geodesic is needed for the general congruence class problem in H n C . For n = 2 and m = 4 this problem was considered by Falbel, Parker and Platis [11, 12, 18, 19] . The main tool is the complex cross-ratio variety determined by three complex cros-ratios. The moduli space of ordered quadruples of pairwise distinct points in ∂H n C was described by Cunha and Gusevskii [9] with the tool of Gram matrix. A Gram matrix associated to p = (p 1 , p 2 , p 3 , p 4 ) in ∂H n H with lift p = (p 1 , p 2 , p 3 , p 4 ) is the Hermitian matrix
Gram matrix is an important tool in complex hyperbolic geometry [9, 13, 14] because its entries p i , p j are base material for other geometric invariants. We can read off it almost all the geometric information concerning the relative geometric positions of p i .
This technique is also used to construct the invariants which describe uniquely the PU(n, 1)-congruence class of an ordered m-tuple of pairwise distinct points in ∂H n C and describe the corresponding moduli space for any n ≥ 1 and m ≥ 4 [10] .
The main aim of this paper is concerned with the important problem mention above in quaternionic hyperbolic geometry. We concentrate ourself on two cases: m = 3 in H n H and m = 4 on ∂H n H for n ≥ 2. We will consider the description of congruence classes for the first case. We also will obtain a construction of the moduli space of ordered quadruples of pairwise distinct points in ∂H n H . For this purpose we need to develop some geometric invariants and tools in quaternionic hyperbolic geometry. We will extend the quaternionic Cartan's angular invariant and quaternionic cross-ratio to H n H . Several distance formulas between some geometric objects are obtained. We will introduce the Gram matrix in quaternionic hyperbolic geometry. We remark that some generalizations are new even in complex hyperbolic geometry and the introduced geometric invariants deserve further research in quaternionic hyperbolic geometry.
We need several notations and definitions to state our main results. Such notations and definitions rely on the following two propositions, which will be proved in Section 2 below. and 
Let ρ(, ) be the Bergman metric on H n H and ρ(L uv , z) the hyperbolic distance from z ∈ H n H to L uv . One of our main results is the following theorem. 
For two quaternions a = a 0 + a 1 i + a 2 j + a 3 k and b = b 0 + b 1 i + b 2 j + b 3 k, where a i , b i ∈ R. We define the following two functions:
and
, provided a 2 2 + a 2 3 = 0;
1, otherwise.
We mention that |ν(a)| = |σ(a, b)| = 1 and ν(a) and σ(a, b) can be viewed as orthogonal rotations such that
be the configuration space of quadruples of pairwise distinct points in ∂H n H , that is, the quotient of the set of quadruples of pairwise distinct points in ∂H n H with respect to the diagonal action of PSp(n, 1) equipped with the quotient topology.
Let m(p) ∈ M(n) be the point represented by p = (p 1 , p 2 , p 3 , p 4 ). We define the map
by the formula
where (c 1 , c 2 , c 3 , t; A) are determined by the following three steps:
Step 1 :
Step 2 : Determine µ.
Step 3 : Determine (c 1 , c 2 , c 3 , t; A).
We will show in Section 5 that the parameters (c 1 , c 2 , c 3 , t; A) are independent of lifts p i , i = 1, 2, 3, 4 and are determined only by p i , i = 1, 2, 3, 4.
subject to the following restrictions:
Let M(n)(n > 2) be the set of points (c 1 , c 2 , c 3 , t; A) in C 3 × R × R defined by
We call M(n) the moduli space for M(n). M(n) is equipped with the topology induced from C 3 ×R×R.
The other main result in this paper is the following theorem.
The paper is organized as follows. Section 2 contains some basic facts in quaternionic hyperbolic geometry and the proof of Propositions 1.1, 1.2. Section 3 is devoted to developing some geometric invariants and geometric tools in quaternionic hyperbolic geometry. These are quaternionic cross-ratio, quaternionic Cartan's angular invariant and some distance formulas. Sections 4 contains the proof of Theorem 1.1. In Section 5, we introduce the Gram matrix in quaternionic hyperbolic geometry. Besides the proof of Theorem 1.2, we also obtain a theorem (Theorem 5.2) about the congruence classes of quadruples of pairwise distinct points on ∂H n H .
Preliminaries
We briefly recall some necessary material on quaternionic hyperbolic geometry here and we refer to [1, 8, 15] for further details. We recall that a quaternion is of the form a = a 0 + a 1 i + a 2 j + a 3 k ∈ H where a i ∈ R and
be the conjugate and modulus of a, respectively. We define ℜ(a) = (a + a)/2 and ℑ(a) = (a − a)/2. For a, b ∈ H, we have
Two quaternions a and b are similar, denoted by a ∼ b, if there exists nonzero λ ∈ H such that b = λaλ −1 . We mention that a ∼ b if and only if ℜ(a) = ℜ(b) and |a| = |b|. Let
Every unit quaternion ν can be written as ν = exp(θI) := cos θ + I sin θ = cos(−θ) + (−I) sin(−θ) for some θ ∈ [0, π] and I ∈ S.
It is useful to view H as H = C ⊕ Cj. Therefore any quaternion a = a 0 + a 1 i + a 2 j + a 3 k can be uniquely expressed as
Let H n,1 be the vector space with the Hermitian form of signature (n, 1) given by
We define Sp(n, 1) = {g ∈ GL(n + 1, H) :
Let g ∈ Sp(n, 1). Then g and g −1 are of the following forms:
where a, b, c, d ∈ H, A is an (n − 1) × (n − 1) matrix over H, and α, β, ζ, δ are column vectors in H n−1 . Following Section 2 of [8] , let
Let P : H n,1 \ {0} −→ HP n be the right projection onto H-projective space. If z n+1 = 0 then P is given by
We also define
The Siegel domain model of the quaternionic hyperbolic n-space is defined to be H n H = P(V − ) with the boundary ∂H n H = P(V 0 ). We mention that g ∈ Sp(n, 1) acts on
H is given by the distance formula
and the standard lift
We will follow the above convention without any other statements in the sequel.
We close this section with the proof of Propositions 1.1,1.2.
Proof of Proposition 1.1. Since Sp(n, 1) acts transitively on H-lines in V − and doubly transitively on H-lines in V 0 , and each isometry of Sp(n, 1) preserves the Hermitian form, we only need to consider the following two cases. Firstly, we assume that
Secondly, we assume that
Since w, w ≤ 0 we have w 1 = w n+1 , which implies that z, w = 0.
Proof of Proposition 1.2. By properties of quaternions, we can verify that
These equalities imply that the sign of 
Case (2): All three points
For simplicity, let λ = n i=2ū i r i . Then we have
Quaternionic geometric invariants
Quaternionic cros-ratios
The complex cross-ratio given by (1) is independent of the choice of p i . This property enables one to use the cross-ratios either in ∂H n C or V 0 freely. In an inner product space, the concept of cross-ratio always stems from its inner products. Due to the non-commutativity of quaternions, H n H and V 0 ∪ V − are two different worlds for the concept of quaternionic cross-ratio. In this subsection, we define two quaternionic cross-ratios. The first one is defined on V 0 ∪ V − and the second one is defined on H n H . Let p = (p 1 , p 2 , p 3 , p 4 ) be a quadruple of points in V 0 ∪ V − , we define
Proposition 1.1 implies that the definition above is well defined. We mention that the quaternionic cross-ratio above has been used by Platis to obtain the Ptolemaean inequality in the quaternionic hyperbolic space [20] .
Observe that, for nonzero quaternions
The above equality is dominant among the properties of quaternionic cross-ratio in
wherep i is the standard lift of p i .
We mention that the restriction of Definition 3.2 on ∂H n C is identical with the Korányi-Reimann complex cross-ratio [16] . We are now ready to obtain some properties of quaternionic cross-ratios.
Proof. Noting that p i =p i λ i for some λ i = 0 and the standard lift of h(p i ) can be expressed as hp i µ i , µ i = 0, we have the following two equations:
1 . The two equations above conclude the proof.
We mention that those properties of quaternionic cross-ratio has been used in [6, 15] to obtain the generalized Jørgensen's inequalities in the quaternionic hyperbolic geometry.
The following proposition displays the relationships of quaternionic cross-ratios of a given quadruple under permutations of its points. One should compare them with analogous results in [13, Section 7.2] and [20] . The proof of the following proposition is by direct computations.
Distance formulas
We can relate the Bergman metric with the quaternionic cross-ratio as follows. We mention that analogous results in the 2-and the 4-dimensional unit ball have been obtained in [2, p133] Proof. As in [6] , for u, v ∈ ∂H n H with lifts u and v such that u, v = −1, the geodesic γ uv in H n H with endpoints u and v parameterized by arc length t is given by P(γ(t)), where γ(t) = e In this setting, ρ(z, w) = |t − k| and X(z, u, w, v) = X(z, u, w, v) = 1 + e k−t .
As in [13] , by Proposition 1.1, for u, v ∈ ∂H n H and z ∈ H n H , the following quaternion
is well defined. By abuse of notation, one can view η(u, v, z) in form as
From this we know that the real part and the modulus of η(u, v, z) are well defined in the quaternionic setting. By repeating almost verbatim the arguments used for the complex case in Propositions 7.1 and 7.6 in [17] , we obtain the following result. Proposition 3.4. Let z ∈ H n H , u, v ∈ ∂H n H and γ uv be the geodesic connecting u and v. Then the hyperbolic distance ρ(γ uv , z) from z to γ is given by
and the hyperbolic distance ρ(L uv , z) from z to L is given by
where e t = | v,z u,z | and z is an arbitrary lift of z. We need the following formula of hyperbolic distance form z ∈ H n H to the the quaternionic line L uw spanned by w ∈ H n H and u ∈ ∂H n H later.
where z, u and v and are lifts of z, u, v, respectively.
Proof. Let w be the other endpoint of the geodesic γ uv and u and w be lifts of u and w such that u, w = −1. Then there exist a t ∈ R and a lift v of v such that v = e t 2 u + e − t 2 w. Therefore
Let µ = X(z, w, u, z). Then by (27) we can express µ as
It is obvious that
Note that |µ| and ℜ(µ) are independent of the choice of lifts z, u, v. The result follows from Proposition 3.4.
Quaternionic Cartan's angular invariant
Recall from Section 1 that given a triple p = (p 1 , p 2 , p 3 ) of pairwise distinct points in H n H with lifts
is the quaternionic Cartan's angular invariant associated to p. This is the angle between the real axis and the radius vector of p 1 , p 2 , p 3 used by Apanasov and Kim [1] .
As in the proof of Proposition 1.2, we have
where ι is a permutation of 1, 2, 3 and λ i ∈ H \ {0}. Therefore it makes sense to define
We can verify that
The following properties are in [1] . 
(ii) If r ∈ H n H , then we have
Proof. Since Sp(n, 1) acts doubly transitively on ∂H n H , we may assume that z = o, w = ∞, r = (r 1 , · · · , r n ) T ∈ H n H . Then
Therefore 
Noting that η(o, ∞, Πr) = r 1 2ℜ(r 1 ) , by Proposition 3.4 we get
Therefore
This concludes the proof of (i). If r ∈ H n H then 2ℜ(r 1 ) + n i=2 |r i | 2 < 0 and
It follows from Proposition 3.4 that
By (36) we get
The above equation, together with (32) and (34), concludes the proof of (ii).
The following proposition relates the cyclic product of quaternionic cross-ratios to the quaternionic Cartan's angular invariant. One can compare it with analogous result of complex case in [13, p225] . Proposition 3.8.
where J is the imaginary part of
Noting that
4 The congruence class of triple of pairwise distinct points of H n
H

Denote by
G o,∞ = {g ∈ Sp(n, 1) : g(o) = o, g(∞) = ∞}.
It follows from (18) that each h ∈ G o,∞ is of the form
where A ∈ Sp(n − 1). Moveover, if |µ| = 1 then h is a boundary elliptic element fixing the geodesic γ o∞ pointwise. We need the following lemma to prove Theorem 1.1.
Then (i) there exists an h ∈ G o,∞ such that w = h(z) if and only if this exists a κ > 0 such that
ℜ(w 1 ) = κ 2 ℜ(z 1 ), |w 1 | = κ 2 |z 1 |, n i=2 |w i | 2 = κ 2 n i=2 |z i | 2 ;(37)
(ii) there exists an elliptic element h fixing the geodesic γ o∞ pointwise such that w = h(z) if and only if
Proof. We first consider Case (i). Let h = diag(µ, A,μ −1 ), where A ∈ Sp(n − 1). It follows from w = h(z) that hẑ =ŵμ −1 , that is,
Therefore the condition (37) holds.
For sufficiency, if the condition (37) holds then there exist a unit quaternion λ and an A ∈ Sp(n − 1) such that
Therefore h = diag(κλ, A, λ κ ) ∈ G o,∞ is the desired isometry mapping z to w. Similarly we can prove Case (ii) .
We now consider the congruence class of triple of pairwise distinct points of H n H . Proof of Theorem 1.1. The necessity is obvious. We mention that the geometric invariants in Theorem 1.1 are invariant under the conjugation by elements of Sp(n, 1). For sufficiency, we can choose f, g ∈ Sp(n, 1) to map the geodesics connecting p 1 and p 2 , q 1 and q 2 to γ o∞ , respectively. By our condition, we can further assume that f (p 1 ) = g(q 1 ) and f (p 2 ) = g(q 2 ). Then we need to find an h ∈ Sp(n, 1) which fixes f (p 1 ) and f (p 2 ) and maps f (p 3 ) to g(q 3 ).
By the above normalisation, we only need to consider the following four specific cases.
Case (i) and Case
For Case (i), that is p 3 , q 3 ∈ ∂H n H , we have −2ℜ(r 1 ) = n i=2 |r i | 2 and −2ℜ(z 1 ) = n i=2 |z i | 2 . Therefore the condition (37) holds.
For Case (ii) , that is p 3 , q 3 ∈ H n H , we have −2ℜ(r 1 ) > 
Since Sp(n, 1) acts transitively on ∂H n H × H n H , we may assume that p 1 = q 1 = o and p 2 = q 2 = (−1, 0, · · · , 0) T = P(∞ +ô). In this case the other end point of the geodesic connecting o and p 2 is ∞.
It follows from (41) and (42) 
By Proposition 3.5 we have
By (43) and (44) we get ℜ(r 1 ) = ℜ(z 1 ),
Let
. Then the conditions (41), (42) and (45) hold for p = (o, P(∞ +ô), p 3 ) and q = (o, P(∞ +ô), q 3 ). If there exist an h ∈ Sp(2, 1) mapping p to q then h fixes o and P(∞ +ô). This implies that h is a boundary elliptic element fixing the geodesic γ o∞ pointwise. However Lemma 4.1 (ii) indicates that there exist not such an h ∈ Sp(2, 1) for −1 = −2/5. This example shows that the quaternionic Cartan's angular invariant is not a good candidate for congruence class in this case.
Mapping the geodesic γ p 1 p 2 and γ q 1 q 2 by h 1 , h 2 ∈ Sp(n, 1) to the geodesic γ o∞ , we may assume that
that is (e t + 1)ℜ(
It follows from ρ(p 1 , p 3 ) = ρ(q 1 , q 3 ) that
From equations (47)- (49) we obtain that
It follows from the above formula that
By (48) and (49) we obtain that
We can rephrase the above equation as
Substituting (51) into (52) we obtain
Thus 
The equations (48), (49) and (55) imply that the condition (38) holds. This observation implies that we can replace the condition
5 The moduli space of quadruples of pairwise distinct points of ∂H n H
The Gram matrix
is called the Gram matrix associated to p. It is obvious that
where G = (ḡ ij ) is the conjugate of G. We say that two Hermitian matrices H andH are equivalent if there exists a diagonal matrix
Thus, to each quadruple p of points in V 0 is associated an equivalence class of Hermitian matrices with zeros on the diagonal.
Then the equivalence class of Gram matrices associated to p contains a unique matrix G = (g ij ) with
Proof. Let p = (p 1 , p 2 , p 3 , p 4 ) be an arbitrary lift of p. We want to obtain a lift n of p by rescaling p such that G(n) is the desired Gram matrix. Note that p i , p j = 0 for i = j. Firstly we obtain λ i , i = 2, 3, 4 as the solutions of the following equations:
These solutions λ i , i = 2, 3, 4 are given by (10) in terms of p i , i = 1, 2, 3, 4. Now the Gram matrix G of
Secondly, we want to find λ 1 such that the Gram matrix G = (g ij ) of
We mention that the requirement
comes from Proposition 1.2 and the property (29). We can verify that λ 1 of the form (11) is the desired solution.
We mention that λ 1 given by (11) is just a specific choice. For example, let λ ′ 1 = λ 1 e iθ for arbitrary θ and λ ′ i = λ i , i = 2, 3, 4. Then the Gram matrix
It is the function σ(a, b) which eliminates this indeterminacy in the following third step.
Thirdly we set
Then the Gram matrix of lift
is the desired Gram matrix.
The matrix G as in Proposition 5.1 is called the normalised Gram matrix, which is denoted by G(p). The corresponding lift n = (n 1 , n 2 , n 3 , n 4 ) given by (59) of p is called the normalised lift. That is
where
We define the following three cross-ratios:
Proposition 5.2. Let G(p) be a normalised Gram matrix given by (60) with a normalised lift
given by (59). That is
Proof. Since n 1 , n 3 = −e iA , n 1 , n 4 = κ 1 and n 2 , n 4 = κ 2 , we have
By properties of quaternionic Cartan's angular invariant, we have
i , by (21) we have
Similarly, we obtain
(iv)
Proof. Since κ 2 = n 2 , n 4 = n 2 , n 3 , n 4 , by Proposition 1.2 we have
It follows from e iA = − n 1 , n 3 = − n 1 , n 2 , n 3 that
Noting that κ 1 = n 1 , n 4 , κ 2 = n 2 , n 4 and n 2 , n 1 = 1, we have
Therefore we prove (i)-(iii). The assertion (iv) follows from (ii) and (v) of Proposition 5.2.
We remark that one can find more relationship of quaternionic cross-ratios in Sections 3, 4 of [20] .
The moduli space
We know from Proposition 5.3 that a Hermitian matrix of the form (60) need satisfy some conditions to be a normalised Gram matrix. These conditions are described in the following theorem.
Theorem 5.1. Let G be a matrix of the form (60) with
Denote by
Then we have the followings. 
Proof. We first prove necessity. Suppose that G(n) is the normalised matrix with a normalised lift n = (n 1 , n 2 , n 3 , n 4 ). Since G(p) = G(n) = G(f n), we have freedom to choose some specific normalised lifts. Since PSp(n, 1) acts doubly transitively on V 0 , by our normalised process we may assume that
where α, β are column vectors in H n−1 . By n 3 , n 4 = 1 and n 3 , n 3 = n 4 , n 4 = 0, we have
That is
Therefore For sufficiency, we need to find an n = (n 1 , n 2 , n 3 , n 4 ) whose normalised Gram matrix is G under the conditions (63) and (65), or (66). We consider the normalised polar vectors of the following form:
where λ ∈ H, α, β ∈ H n−1 . We need to find solutions of the following underdetermined system of equations:
We first consider the case
are the desired solutions. If A = π/2 then
are the desired solutions. For the case D(G) < 0 and n > 2,
are the desired solutions.
We mention that (63) and (64) can be rephrased in terms of the parameters (c 1 , c 2 , c 3 , t; A) as 
Remark 5.1. In the complex case, we can view n = (n 1 , n 2 , n 3 , n 4 ) as a matrix. Then the normalised matrix G is G = n * Jn.
det G = 0 if and only if det n = 0. The case det n = 0 implies that n 1 , n 2 , n 3 and n 4 are linearly dependent.
We now prove Theorem 1.2.
Proof of Theorem 1.2. By our normalised process in Proposition 5.1, the map τ define a map τ : M(n) → M(n). Theorem 5.1 implies that such map is bijective. It is obvious that τ : M(n) → M(n) is a homeomorphism because M(n) has the topology structure induced from C 3 × R × R.
5.3
The congruence class of quadruple of pairwise distinct points of ∂H n H Before establishing such a theorem, we suggest a way to evade the embarrassing question caused by ν(a) and σ(a, b). We mention that there exists an interesting Gram matrix given by 
where That is (ω 1 ,ω 2 ,ω 3 ) =μ(ω 1 , ω 2 , ω 3 )µ = (μω 1 µ,μω 2 µ,μω 3 µ).
Based on the above observation, we define an equivalent relation in C × C × C by the above equality and denote it by (ω 1 ,ω 2 ,ω 3 ) ≃ (ω 1 , ω 2 , ω 3 ).
Let M be the set of representations (ω 1 , ω 2 , ω 3 ). Then the configuration space M(n) can be viewed as the quotient of M under this equivalent relation. That is M(n) = M/ ≃. The description of M is left as an exercise for the reader. We revert to the original topic of this subsection. The following theorem provide a criterion on classification of congruence class of two quadruples of pairwise distinct points in ∂H n H , which somewhat can be viewed as a description of the above equivalent relation by geometric invariants. and so that we can find an A ∈ Sp(n − 1) such that
Hence h = diag(
, A, √ κµ) is the desired isometry.
